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ABSTRACT
In this study, the convergence of the

solution of non-linear heat transfer equation

U, (X,t) =cU i:a (X,t)with explicit and Crank-Nicolson’s methods have been studied.
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INTRODUCTION

For a =0, the equation
U (xt)=cU(xt) )

is linear parabolic equation and there is
analytic solution [3].If a # 0, this equation
is non-linear parabolic equation and there isn’t
analytic solution [9,10,13] ;.

As finding the non-linear equation’s
solutions as analytic are not possible
everytime, it is obtained approach solutions
with numerical methods. But, in the solutions
which are made by numerical methods, which
is used should be convergence and stable so
that the solution is meaningful [1].

In the work, in the linear heat transfer
equations the numerical solutions which is
made by Explicit and Crank-Nicolson
methods, it is shown that the solution is

convergence, if a=>-1,

1
andr <———

2l+ad;;
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THE LINEAR PARABOLIC EQUATIONS

In heat transfer equation

VY _ 8V
ot ox?

)

for

x=ih,i=1..,N,t=jk,j=1,.,N and r = k/h?

with forward

aU (x,t)
ot

difference and if it is approached to
o°U(x,t)

ox*
equation (2) is written as follows

, if it is approached to

with center difference, the

U, =U;+rU,.,-2u,,+U,;) @
The equation (3) is explicit equation of
the equation (2) [15]. Likewise, in the equation

Wk (x.) with
ot

average of forward difference and if it is
o°U(x,t)

OX
center difference,
for

(2), if it is approached to

approached to with average of

x=ih, i=1..,N,t=jk, j=1...N and r =k/h’

, the equation (2) is written as follows
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ru 1, j+ +(2+2rlJl JH rL‘L—l jH (ru 1, j +(2 2r)JIj +ru+lj) (4)

This equation is Crank-Nicolson Equation of the equation (2) [1, 9, 15].

THE CONVERGENCE OF SOLUTION IN THE SOLUTION MADE WITH EXPLICIT
U _, U
ot

METHODS OF THE EQUATION N
X

If it is applied explicit formula to in the equation (1), it is obtained the non-linear explicit finite
difference as follows

Ui = rU,”l‘"‘J -2ry; ”a + rU,ljlaJ +U, (5)

Let
e=U-u (6)

Where U is a finite difference convergence and U is the analytic solution of equation [5].

Hence, the equation (5) is expressed as follows,
& =—TU T +2rUT —rU, +r(1+a)J}

+[1—2r(1+a)Ui’j]e +r(l+au;

i+L,] |+IJ

+U,

(7
U

i1, |—1] iLjH i,

for0<6,,0,,0, <1 , —1<86,<1, the equation(7) is written as follows,

I]+1 _r(1+a)U|+lj I+1J+[1 2r(1+a)U ]e +r(1+a)U| -1,j | -1,j

la @)
S0+ 000 -2 i+ ah ]

In here, U > 0. If

E, = M?X‘ei,,-‘ )
and
Max[%(xi,tj +6’3k)—a;(—12+a(xi+04h,tj)]: M (10)
The following inequality should be hold
(11

[1-2r(1+a)U{ 120

So that all of terms of the equation (8) is equal or bigger than zero. Hence we have

R 12
2(1+a)U}, (12)

On the other hand, in the equationt = Ck/ h*, we have I >0 because his step length of X, K is
step length oft, Cis positive constant. Therefore, we have

0<r<— L (13)
2(1+aJ},
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The condition (13) is the convergence criteria of the explicit finite difference equation, for the
equation (1).If a > —1 then
1

2(1+a)J;, (19

is positive . Hence if & > —1 then the inequality (13) is hold. On the other hand, the equation (8) is
written as follows

| €i i |S r(l+aju ia+1,j| € | (15)
+-2rd+aUl] e, [+ra+aul ;| e |[+kM
For A is constantand A > 0, if
(I+aUi ;= (1+aui]=U ., 2 A (16)
then, the equation (15) is written as follows
Ej+1£Ej+kM (17)
[1,15].In here, for the equation (17) we have
Ej+1£Ej+kM:Ej_1+2kM:...:EO+jkM:tM (18)
Therefore,
hliom M =(Ut—Ui:a)i’j (19)

k—rh?/c

Because the inequality has zero error. U is the analytic solution of U, =U i;' a, for M >0, we

have

Eiz‘u

J -U;j| and u—-U (20)

i

[10].So, fora > —1, the equation is convergence if

r<—— 1)
2(1+a)U?,

THE CONVERGENCE OF THE SOLUTION WITH CRANK-NICOLSON METHODS OF
THE NON-LINEAR HEAT TRANSFER EQUATION

If Crank-Nicolson Formula is applied to the equation (1), we have

—ry? | +2rg*? —ryt?

-1, j+ 1,j+H 1+, j+1

+U,

i,j+

=rU, —2rU +rUe

I+, ]

+U,, 22)

This is non-linear Crank-Nicolson finite difference equation.By using (6), the equation (22) is
written as follows
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__U1+a

i-Lj+

[2(0+a)J iE,ij+1 +1/ r]ei,j+1
1+a 1+a
U7 -V,

i+1,]

,+2U

l+a 1+a
i,j+l _Ui+l,j+1

+(1+au i:, i€ jatd+ay iil, i€ 1+ i:, i€
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_U_1+a +

i-1j

(23)

_[2(1+a)ui?j _l/r]ei,j +(l+a)uiil,jei+l,j +(l/r)(Ui,j+l -U.)

For0<4,,0,,0,,0,,0, <1 , —1<6,<1, the equation (23) is written as follows

[2(+aJ? j+ +/rk; = (+alJ?, 418 +(+alJy, 418

+(1+a)uia—],jei—],j —[2(0+a)J; _l/r]ei,j +A+alJ,,, i€

aJ
FAT 0.ty +0K)

In here, U > 0. From (9) and

aZU l+a

82 1+a

oJ U
Ma){g (Xi,tj +95k)—?(xi +96h’tj)]: M

The following inequality is hold

2(1+a)J

SR
N r

24

?(Xi +6;ht;)]

(25)

(26)

So that all of terms of (24) is equal or bigger than zero.If a > —1, then

it is true. Therefore, if

1

r< —
21+ Uy,

27)

The equation (1) is convergence for Crank-Nicolson finite difference methods.
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