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ABSTRACT
One  of  the  most  important  problems  of  coding  theory  is  to  construct  codes  with  best  possible  
minimum distances.  A new map for  )1( 2u− -cyclic  code over kkk ppp FuuFFA 2++= ,

Nk ∈ , 03 =u   was  introduced in [2]. In this paper, via this map, the relation between the linear  

)1( 2u− -cyclic  codes  over  A  and the  code  over  kpF  is  established.  In  this  way,  it  may be  

obtained the new linear codes over kp
F , by using computer as in [4] and [5] .
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INTRODUCTION

In [1], Christine Bachoc introduced the linear 
codes over  pp uFF +   p  is a prime. In [4], a 

Gray  map  for  codes  over  33 uFF +  was 
introduced and the relation between the codes 
over 33 uFF +   and  3F  was   established, via 
this map. Using this relation, new linear codes 
over  3F   was  found.  Later,  for  R  is  finite 
commutative ring with identity,  a  Gray map 
for codes over

RuRuuRRR m
a

12 ........ −++++= , 

,,, NmRaau m ∈∈= u  is  an 
indeterminate was introduced1.  Via this map, 
the relation between the codes over  aR   and 
R   was    established  in  [5].  By  using 
computer, it is obtained the new   linear codes 
over 5F .  A  new  Gray  map  on A  was 
introduced in [2].  In this  paper,  the relation 
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between the linear  )1( 2u− -cyclic codes over 

A  and the codes over kpF  is established via 

this map.

PRELIMINARIES

Let  R  be  a  finite  commutative  ring  with 
identity. Let Nn ∈ . An −R submodule of nR  
is called a linear code of length n  over R . 

Let  }0{: ∪ →× NRR nnρ  be 
distance  function.  For  nRE ⊂ ,  let 

},),(min{)( EyxandyxyxE ∈≠= ρρ .
A linear code C of length n is said to be 

an (n,M)-linear code if and only if  MC = . 
Morever if dC =)(ρ  then C will be called an 
(n,M,d)  –linear  code, )(Cρ is  called  the 
minimum distance  of  C  with  respect  to .ρ  
Furthermore , if C is a s-free submodule with 
minimum distance d, length n,  then C is called 
[n,s,d]-linear code. The Hamming weight of a 
codeword  ),...,( 21 ncccc = ,  )(cwH is  the 
number  of  nonzero  entires  of  c .  Also  the 
Hamming weight of a codeword can be defined 
to be the sum of the weights of its components, 
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say

∑
=

=
n

i
iHH cwcw

0

)()(     (1)

Where  )( iH cw is  zero  if  0=ic  and  1 
otherwise.  The  Hamming  distance  of  two 
codewords  ec,  denoted by  ),( ecd H  is  the 
Hamming weight of their difference.

Let  A  be  the  commutative  ring 

kkk ppp FuuFF 2++  where Nk ∈ , 03 =u  and 

)( k
p pGFF k = .  The ring is endowed with 

the  obvious  addition and  multiplication with 
the property that 03 =u .  Then  A  is a  finite 
chain ring with maximal ideal uA  and residue 

field kpF .

Let the C  be a code of length n  over
A . Let  ν  be maps from nA  to nA  given by 

  
(2) 

nn AA  →:ν
).........,,)1((),.......,( 201

2
10 −−− − nnn rrrurr 

Then C  is said to be  −− )1( 2u cyclic 
if CC =)(ν .

Let 

}),.....,({)( 10

1

0

CrrxrC n

n

i

i
i ∈=Ρ −

−

=
∑  be  code

C ’s polynomial representation.  A code C  of 
length  n  over  A  is  −− )1( 2u cyclic if and 
only  if  )(CP   is  an  ideal  of 

)1(][ 2uxxR n −−  .

Let  np
p

k

kFa
2

∈  with 

),...........(),...,,( )1()0(
110

12
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−
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k

k
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np aaaaaa  

pn
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i
kFa ∈)(  for all 1,....,1,0 12 −= −kpi . Let 

12 −⊗ kpσ  be the map from np
p

k

kF
2

 to  np
p

k

kF
2

 
given by 

        12 −⊗ kpσ : np
p

k

kF
2

   →  np
p

k

kF
2

                  a

))(~........)(~()( )1()0( 1212 −⊗ −−

=
kk pp aaa σσσ   (3) 

 
Where  σ~  is  the  usual  cyclic  shift 

),........,,(),...,( 20110 −−− pnpnpn ccccc   on
pn

pkF . A code C~   of length np k2  over kpF

is said to be quasi-cyclic codes of index 12 −kp  

if CC
kp ~)~(

12

=
−⊗σ  [2].

In  [3],  a  homogeneous  weight  on 
arbitrary finite chain rings is defined; we give 
it  here  for  the  case  of  the  ring

kkk ppp FuuFFA 2++= . 
The homogeneous weight of  Ar ∈  is 

given by 

AuArif
otherwise

pp
Aurifp

rw kk

k

−∈








−
−∈

=
0

}0{
)( 2

2

hom

(4) 

This extends to a weight function in nA . 
If n

n Accc ∈= − ),.....,( 10  , then   
 

∑
−

=

=
1

0
homhom )()(

n

i
icwcw                        (5) 

The  homogeneous  distance 
),(hom yxd  between  any  distinct  vectors 

nAyx ∈,  is defined to be )(hom yxw − .   

Any  element  kpZ∈ε has  p-adic 

representation 

1
),1(,1,0 ....... −

−+++ k
k pp εεε γγγ  

where { }1,....,1,0, −∈ pi εγ .  If  α  is  a 

fixed  primitive  element  of kpF ,  then 

corresponding  to  every  kpZ∈ε  is  an 

element kpF∈εα  given by

 
1

),1(,1,0 .......... −
−+++= k

k αγαγγα εεεε          (6) 

We define the Gray map  φ  on A  in 
[2], which is a special case of the Gray map 
defined, 
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(7)

Where ⊕  is componentwise addition in 
kpF .The Gray map  φ  is an isometry from 

),( homdAn  to  np
p

k

kF
2

 under the Hamming 

distance [2].
It is naturally extended as the following,
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Where  )(SM ns×  denotes  the  set  of 
ns ×  matrices over a ring .S

 
Proposition 1.1:- [2] 

φσνφ 
12 −⊗=

kp .
Theorem 1.2:-[2] A code C  of length 

n  over  A  is  −− )1( 2u cyclic if and only if 
)(Cφ  is quasi-cyclic  of  index  12 −kp  and 

length np k2  over kp
F .

Theorem 1.3: Let C be )1( 2u− -cyclic 
codes over A  with dCd =)(hom . Then )(Cφ  
is  quasi-cyclic  codes  of  index  12 −kp  with 

.))(( dCd H =φ ie.
        

homd =),( ec ))(),(( ecd H φφ    (9)

Proof: Since  φ  is isometry,  we have 
the  equality.  By  using  the  definition  of  the 
minimum  distance,  we  have 

)).(()(hom CdCd H φ=

Lemma  1.4: If  nsG ×  is  a  generator 
matrix of a code C  of full rank s over A , then 
                                               

nps kGu
uG
G

23
2 )(

)(
)(

×
















φ
φ
φ

 (10)

is a generator matrix for  )(Cφ , where  Gu i  
is a matrix obtained by multiplying the rows of 
G  by iu , .2,1,0=i

Proof:   Let  svvv ,......,, 21  be the row 
vectors of  G  which are linearly independent 
over A . The claim is that 

( ) ( ) ( ) )(),....,(,,.......,,...,),........( 2
1

2
11 sss vuvuuvuvvv φφφφφφ  

(11)

are linearly independent over kpF .
Assume the opposite, then there exist 

kpi F∈α  for si 31 ≤≤ ,  not  only  zeros, 

such that 
 

( ) ( ) ( ) ( ) 0)(.....)(................ 2
31

2
1221111 =++++++++ ++ ssssssss vuvuuvuvvv φαφαφαφαφαφα  

(12) 
 

Since φ  is A - linear, we have 
0)...................( 2

31
2

1221111 =++++++++ ++ ssssssss vuvuuvuvvv ααααααφ  
(13) 

since φ   is  injective ,  svvv ,......,, 21  are 
linearly  independent  over A ,  then we have 

.310 sifori ≤≤=α  This is contradiction. 
Therefore 

 
( ) ( ) ( ) )(),.....,(,,.......,,...,),........( 2

1
2

11 sss vuvuuvuvvv φφφφφφ  
(14)                               

generate  a  module  over  np
p

k

kF
2

.  Hence 
the matrix  (10) which consists of  these rows 

Trakia Journal of Sciences, Vol. 7, Suppl. 2, 2009 123



CENGELLENMIS Y.

generates )(Cφ .

Theorem 1.5:  If   C is  )1( 2u− cyclic 
code  over  A   length  n,  dimension  s ,  with 
respect  to  dCd =)(hom ,  then  )(Cφ  is  an 
distance invariant  quasi-cyclic code of index 

12 −kp  over  kpF ,  length  np k2 ,  dimension 

s3   with respect to d .
Proof: Since C  has a generator matrix 

of full rank s , then by Lemma 1.4, )(Cφ  will 
be generated by a matrix of full rank s3  and 
size  nps k23 × .Hence  )(Cφ  is   s3 -free. 
•

In this way, it can be obtained the new 
linear  codes  over  kpF ,by  using computer 
programme as  in  [4] and [5].
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